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SPECTRA OF WEIGHTED COMPOSITION
OPERATORS INDUCED BY AUTOMORPHISMS
YONG-XIN GAO AND ZE-HUA ZHOU∗
Abstract. In the paper we give the results about the spectra
of non-invertible weighted composition operators induced by auto-
morphisms on several Hilbert spaces, such as Hardy-Hilbert space
H2(D) and weighted Bergman spaces A2
α
(D).
1. Introduction
1.1. Background. Let D be the unit disk on the complex plane C.
The Hilbert-Hardy space H2(D) is the set of analytic functions on D
such that
||f ||2H2 = sup
0<r<1
∫ 2pi
0
|f(reiθ)|2 dθ
2π
<∞.
For α > −1, the weighted Bergman space A2α(D) is the set of analytic
functions on D such that
||f ||2A2α =
∫
D
|f(z)|2dAα(z) <∞,
where
dAα(z) =
1 + α
π
(1− |z|2)αdA(z)
and dA is the Lebesgue area measure on D.
Let ϕ be an analytic map from D into itself and ψ be an analytic
function on D. Then we can define a weighted composition operator
Cψ,ϕ on each of the spaces above, providing it is bounded, by
Cψ,ϕf = ψ · f ◦ ϕ
for all f in the space. By taking ψ ≡ 1 we get the composition operator
Cϕ, and when ϕ is identity on D, we get the analytic Toeplitz operator
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Mψ. However, it is not always the case that Cψ,ϕ can be written as the
composition of the two operators Mψ and Cϕ, see [4].
In 1964, Forelli in his paper [2] showed a strong connection be-
tween the weighted composition operators and the isometries on Hardy
spaces. Ever since then, the properties of weighted composition oper-
ators have been actively investigated, take [10, 11, 14] for examples as
some recent results.
The spectra of weighted composition operators were firstly consid-
ered in 1978 by Kamowitz, in his papers [5] and [6]. In [5], he deter-
mined the spectra of weighted composition operators with automor-
phism symbols on the disk algebra A(D).
In 2011, Gunatillake [3] investigated the spectra of Cψ,ϕ on H
2(D)
when it is invertible. Then Hyva¨rinen et al. [9] got better results on a
large class of analytic function spaces and Chalendar et al. [7] extended
the results to the Dirichlet space.
1.2. Main Results. In this paper, we investigate the spectrum of Cψ,ϕ
onH2(D) and A2α(D) when ϕ is an automorphism of D. Remember that
the automorphisms of D can be classified according to the location of
their fixed points:
• ϕ is called elliptic if it has a unique fixed point in D.
• ϕ is called hyperbolic if it has two distinct fixed points on ∂D.
• ϕ is called parabolic if it has only one fixed point on ∂D.
Gunatillake [3] proved that Cψ,ϕ is invertible on H
2(D) if and only
if both ψ and 1
ψ
belong to H∞(D) and ϕ is an automorphism of D.
The same result holds on A2α(D). Then he investigated the spectrum
of Cψ,ϕ when it is invertible. However, most of his results are got under
the assumption that ψ is continuous up to the boundary.
The discussion was finally completed by [3], [9] and [15]. Their results
are as follows.
• Let ϕ be an elliptic automorphism with fixed point a ∈ D and
ψ ∈ H∞(D). Suppose Cψ,ϕ is invertible. If ϕ′(a)n = 1 for some integer
n ∈ N and n0 is the smallest such integer, then the spectrum of Cψ,ϕ
on either H2(D) or A2α(D) is the closure of the set
{λ : λn0 =
n0−1∏
k=0
ψ(ϕk(z)), z ∈ D}.
If ϕ′(a)n 6= 1 for all n ∈ N and ψ ∈ A(D), then the spectrum of Cψ,ϕ
on either H2(D) or A2α(D) is the circle
{λ : |λ| = |ψ(a)|} .
SPECTRA OF WEIGHTED COMPOSITION OPERATORS INDUCED BY AUTOMORPHISMS3
• Let ϕ be a parabolic automorphism with Denjoy-Wolff point a ∈
∂D and ψ ∈ A(D). If Cψ,ϕ is invertible, then the spectrum of Cψ,ϕ on
either H2(D) or A2α(D) is the circle
{λ : |λ| = |ψ(a)|} .
• Let ϕ be a hyperbolic automorphism with Denjoy-Wolff point a ∈
∂D and the other fixed point b ∈ ∂D. Assume that ψ ∈ A(D). If Cψ,ϕ
is invertible, then on H2(D) the spectrum of Cψ,ϕ is{
λ : min{|ψ(a)|s1/2, |ψ(b)|s−1/2} 6 |λ| 6 max{|ψ(a)|s1/2, |ψ(b)|s−1/2}} ,
and on A2α(D) the spectrum of Cψ,ϕ is{
λ : min{|ψ(a)|s(α+2)/2,|ψ(b)|s−(α+2)/2} 6 |λ| 6
max{|ψ(a)|s(α+2)/2, |ψ(b)|s−(α+2)/2}
}
.
Here s = ϕ′(a)−1 = ϕ′(b).
The results are respectively Theorem 3.1.1 and Theorem 3.2.1 in [3],
Theorem 4.3 and Theorem 4.9 in [9] and Corollary 3.12 in [15].
There remain the cases when Cψ,ϕ is not invertible on H
2(D) and
A2α(D). The aim of this paper is to get results for these cases. Moreover,
we point out in this paper that for the hyperbolic and parabolic cases,
one can replace the rather strong assumption that ψ is continuous up
to the boundary with a reasonable weaker one: the continuity of ψ at
the fixed points of ϕ is sufficient.
In order to reduce the length of this paper, we will make detailed
discussion only on H2(D). The situation on A2α(D) is almost all the
same, we will just give a brief illustration in the last section.
Our main results are as follows.
• Let ϕ be an elliptic automorphism and Cψ,ϕ is not invertible. Then
the spectrum of Cψ,ϕ on H
2(D) is given by Theorem 2.2.6 and Theorem
2.3.1. The corresponding result on A2α(D) is Theorem 4.1.1.
• Let ϕ be a hyperbolic automorphism and ψ ∈ H∞(D) is continuous
at the fixed points of ϕ. If Cψ,ϕ is not invertible, then the spectrum
of Cψ,ϕ on H
2(D) is given by Theorem 3.2.4. The corresponding result
on A2α(D) is Theorem 4.2.1.
• Let ϕ be a parabolic automorphism and ψ ∈ H∞(D) is continuous
at the fixed point of ϕ. If Cψ,ϕ is not invertible, then the spectrum of
Cψ,ϕ on H
2(D) is given by Theorem 3.2.5. The corresponding result on
A2α(D) is Theorem 4.2.2.
1.3. Preliminaries. The spaces we consider in this paper are Hardy
space H2(D) and weighted Bergman spaces A2α(D) for α > −1. These
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spaces are all reproducing kernel Hilbert spaces because the point eval-
uation functionals are bounded on them. That is, for each z ∈ D, we
can find Kz in the space such that
〈f,Kz〉 = f(z)
for all functions f in the space. On H2(D) we have
Kz(w) =
1
1− zw
and ||Kz|| = 1/
√
1− |z|2. On A2α(D) we have
Kz(w) =
1
(1− zw)α+2
and ||Kz|| = 1/(1− |z|2)(α+2)/2.
By H∞(D) we mean the space of all bounded analytic functions on
D, with the norm ||f ||∞ = supz∈D |f(z)|. The disk algebra A(D) is
the subspace of H∞(D) consisting all the analytic function which are
continuous on D.
For any automorphism ϕ of the unit disk D and ψ ∈ H∞(D), the
operators Cϕ and Mψ is always bounded on H
2(D) and A2α(D). So the
weighted composition operator Cψ,ϕ is also bounded, and we can write
Cψ,ϕ as
Cψ,ϕ = MψCϕ.
Throughout this paper we will always assume that ψ is not identically
zero on D. Otherwise Cψ,ϕ will be zero and things would become trivial.
For any automorphism ϕ, we will denote the n-th iteration of ϕ by
ϕn in this paper. For n = 0 we just set ϕ0 identity on D. Then a simple
calculation, see [3] for example, can show that
Cnψ,ϕ = Cψ(n),ϕn = Tψ(n)Cϕn,
where ψ(n) =
∏n−1
k=0 ψ ◦ ϕk.
The next proposition is about the adjoint operator of Cψ,ϕ. We list
it as a lemma here because it is crucial for our discussion in the paper.
The proof is straightforward and we omit it here.
Lemma 1.3.1. Suppose Cψ,ϕ is bounded on X, where X is either the
Hardy space H2(D) or a weighted Bergman spaces A2α(D). Then we
have
(1.1) C∗ψ,ϕKz = ψ(z)Kϕ(z)
for all z ∈ D. Here C∗ψ,ϕ represent the adjoint operator of Cψ,ϕ.
For an operator T on a Hilbert space, we use σ(T ) to denote the
spectrum of T , and r(T ) to denote the spectral radius of T .
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2. Elliptic Automorphisms
We will begin with the case when ϕ is an elliptic automorphism of
the unit disk D. Suppose the fixed point of ϕ is a ∈ D and let φ be
the automorphism that exchange a and 0. Then ϕ˜ = φ−1 ◦ ϕ ◦ φ is
an automorphism with fixed point 0, hence a rotation. The spectrum
of Cψ,ϕ depends much on the fact whether this rotation is rational or
not. The case when ϕ˜ is a rational rotation will be left to the last part
of this section since it is quite simple. Now we will focus our attention
on the case when ϕ is conjugated to an irrational rotation.
For any r ∈ [0,+∞), we will use Γr to denote the set {w ∈ C : |w| =
r} throughout this section.
2.1. Spectral Radius. Firstly, we should find out the spectral radius
of Cψ,ϕ on H
2(D). The following result, known as the Birkhoff’s Er-
godic Theorem, plays a key role in our discussion here.
Lemma 2.1.1. Suppose (X,F, µ) is a probability space. Let T be a
surjective map from X onto itself such that for any A ∈ F, we have
T−1A ∈ F and µ(T−1A) = µ(A). If T is ergodic, then for any f ∈
L1(X, µ) we have
lim
n→∞
1
n
n∑
k=1
f(T kx) =
∫
X
fdµ
for almost every x ∈ X.
Here by saying a map T is ergodic we mean that T−1A = A implies
µ(A) is 0 or 1 for all A ∈ F. For a proof of this theorem one can turn
to Appendix 3 of [8].
Remark 2.1.2. The unit circle ∂D, along with the measure dθ
2pi
, is a
probability space. If ϕ is a rotation, then ϕ can be seen as a surjective
map from ∂D onto itself. A simple discussion can show that the rotation
ϕ is ergodic on ∂D if and only if it is an irrational one.
Suppose ψ ∈ A(D) ⊂ H2(D) is not identically zero, then log |ψ|
is in L1(∂D, dθ), see Theorem 2.7.1 in [12]. So by Birkhoff’s Ergodic
Theorem, if ϕ is an irrational rotation, then
lim
n→∞
1
n
n∑
k=1
log |ψ(ϕk(z))| = 1
2π
∫ 2pi
0
log |ψ(eiθ)|dθ
for almost every z ∈ ∂D. Or equivalently we have
lim
n→∞
(
n∏
k=1
|ψ(ϕk(z))|
)1/n
= exp
(
1
2π
∫ 2pi
0
log |ψ(eiθ)|dθ
)
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for almost every z ∈ ∂D.
Moerover, in [5] Kamowitz proved the following result as Lemma 4.4
there.
Lemma 2.1.3. Suppose ϕ is an irrational rotation of D and ψ ∈ A(D)
is not identically zero, then
lim sup
n→∞
(
sup
|z|=1
n∏
k=1
|ψ(ϕk(z))|
)1/n
= exp
(
1
2π
∫ 2pi
0
log |ψ(eiθ)|dθ
)
.
When ψ is in H2(D), it can be written as ψ = τ · v, where τ is an
inner function and v is an outer function. This factorization is unique
up to constant factors of modulus one. We call τ the inner part of ψ,
and v the outer part of ψ.
Recall that a function τ ∈ H2(D) is called an inner function if
|τ(z)| = 1 for almost every z ∈ ∂D, and v ∈ H2(D) is called an outer
function if
1
2π
∫ 2pi
0
log |v(eiθ)|dθ = log |v(0)|.
So we have
1
2π
∫ 2pi
0
log |ψ(eiθ)|dθ = 1
2π
∫ 2pi
0
log |τ(eiθ)|dθ
+
1
2π
∫ 2pi
0
log |v(eiθ)|dθ = log |v(0)|.
Now we can get our result about the spectral radius of Cψ,ϕ onH
2(D).
Lemma 2.1.4. Suppose ϕ is an irrational rotation of D and ψ ∈ A(D)
is not identically zero. Then the spectral radius of Cψ,ϕ on H
2(D) is
no larger than |v(0)|, where v is the outer part of ψ.
Proof. For n ∈ N we have
Cnψ,ϕ = Cψ(n),ϕn = Tψ(n)Cϕn,
where ϕn is the n-th iteration of ϕn and ψ(n) =
∏n−1
k=0 ψ ◦ ϕn. Since ϕn
is a rotation for each n ∈ N, by Theorem 3.6 in [1] we have ||Cϕn|| = 1.
So we only need to calculate the norm of Tψ(n) .
By Lemma 2.1.3 and the maximum modulus principle,
lim sup
n→∞
||ψ(n)||1/n∞ = lim sup
n→∞
(
sup
|z|=1
n−1∏
k=0
|ψ(ϕk(z))|
)1/n
= exp
(
1
2π
∫ 2pi
0
log |ψ(eiθ)|dθ
)
= |v(0)|.
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So
r(Cψ,ϕ) = lim
n→∞
||Cnψ,ϕ||1/n
6 lim sup
n→∞
(
||Tψ(n)||1/n · ||Cϕn||1/n
)
= lim sup
n→∞
||ψ(n)||1/n∞ = |v(0)|.

Remark 2.1.5. An alternative tool for the discussion above is Weyl’s
result about the uniform distribution mod 1, which was use in [5] and
[3]. However, Weyl’s original result requires that the function f in
Lemma 2.1.1 is Riemann integrable, other than Lebesgue integrable.
In fact Weyl’s theorem can basically be seen as a special case of the
Ergodic Theorem.
2.2. The Spectrum. Now we shall continute our discussion with the
help of Birkhoff’s Ergodic Theorem. Suppose ψ ∈ A(D) is not iden-
tically zero, then gr(e
iθ) = log |ψ(reiθ)| belongs to L1(∂D, dθ) for each
r ∈ (0, 1]. Throughout this section, we will let ∆ψ(r) denote the expo-
nent of the integral of gr on ∂D, i.e.,
∆ψ(r) = exp
(
1
2π
∫ 2pi
0
log |ψ(reiθ)|dθ
)
for r ∈ (0, 1]. For r = 0, we simply set ∆ψ(0) = |ψ(0)|. Then again by
Lemma 2.1.1, when ϕ is an irrational rotation we have
lim
n→∞
(
n∏
k=1
|ψ(ϕk(z))|
)1/n
= ∆ψ(r)
for almost every z ∈ Γr.
Note that for any ψ ∈ A(D), ∆ψ(0) = |ψ(0)| is always less than or
equal to ∆ψ(1) = |v(0)| since v is the outer part of ψ. In fact, log |ψ|
is subharmonic on D. Then by Jensen’s formula and the Littlewood
Subordination Theorem, see Lemma 6.1.15 in [13] and Theorem 2.22 in
[1], one can check easily that ∆ψ(r) is increasing on [0, 1] and continuous
on [0, 1).
Remark 2.2.1. It should be pointed out here that we don’t have ∆ψ(r)
continuous on [0, 1] in general. We know that
sup
0<r<1
∫ 2pi
0
log |ψ(reiθ)|dθ 6
∫ 2pi
0
log |ψ(eiθ)|dθ,
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but the equality does not always hold. However, if ψ has no zero on
∂D, then by Lebesgue’s dominated convergence theorem we can know
that sup0<r<1∆ψ(r) = ∆ψ(1), hence ∆ψ(r) is continuous on [0, 1].
Now we can start off for finding out the spectrum of Cψ,ϕ. We first
deal with the case when ψ has zeros on ∂D.
Proposition 2.2.2. Suppose ϕ is an irrational rotation of D and ψ ∈
A(D) has zeros on ∂D. Then the spectrum of Cψ,ϕ on H
2(D) is the disk
{λ : |λ| 6 |v(0)|},
where v is the outer part of ψ.
Proof. By Lemma 2.1.4, it is sufficient for us to prove that the set
{λ : |λ| 6 |v(0)|}
is contained in the spectrum of Cψ,ϕ.
Since v is an outer function, v(0) can not be zero. Suppose ϕ(z) = ηz
where |η| = 1 and let ζ be one of the zeros of ψ on ∂D. Then we can
find a sequence {ζj} on ∂D such that ζj tends to ζ as j →∞ and
(2.1)
lim
n→∞
(
n∏
k=1
|ψ(ηkζj)|
)1/n
= exp
(
1
2π
∫ 2pi
0
log |ψ(eiθ)|dθ
)
= |v(0)|.
for each j ∈ N.
Now suppose |λ| < |v(0)|, then we can take p, q > 0 such that
|λ| < p < q < |v(0)|. By (2.1), we can find nj →∞ such that
nj∏
k=1
|ψ(ηkζj)| > qnj
for each j ∈ N. Then by the continuity of ψ on D, we can find Rj ∈
(0, 1) such that
nj∏
k=1
|ψ(ηkrζj)| > pnj
for all r ∈ (Rj, 1).
Let
Bj,r(z) =
nj∏
k=1
z − ηkrζj
1− ηkrζjz
be the Blaschke product with zeros ηkrζj, k = 1, 2, ..., nj. Then it is
obvious that limr→1 |Bj,r(rζj)| = 1. So we can find R′j ∈ (0, 1) such
that |Bj,r(rζj)| > 1/2 for all r ∈ (R′j , 1).
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Now take rj greater than max{Rj , R′j} such that limj→∞ rj = 1 and
ψ has no zero on Γrj . Let zj = rjζj, then zj tends to ζ as j →∞. So
lim
j→∞
ψ(zj) = ψ(ζ) = 0.
Let
hj = Kzj +
nj∑
k=1
λkuj,kKηkzj ,
where
uj,k =
(
k∏
s=1
ψ(ηszj)
)−1
.
Then by Lemma 1.3.1,
C∗ψ,ϕ(uj,kKηkzj ) = ψ(η
kzj) · uj,kKηk−1zj
= uj,k−1Kηk−1zj .
So we have
(C∗ψ,ϕ − λ)hj = ψ(zj)Kηzj − λnj+1uj,njKηnj zj .
Since
|uj,nj | =
1∏nj
k=1 |ψ(ηkzj)|
<
1
pnj
,
we can know that
||(C∗ψ,ϕ − λ)hj|| 6 ||ψ(zj)Kηzj ||+ ||λnj+1uj,njKηnj zj ||
6
(
|ψ(zj)|+ |λ|
nj+1
pnj
)
1√
1− r2j
.
However,
||hj|| >
∣∣∣∣〈hj , Bj,rj Kzj||Kzj ||〉
∣∣∣∣(2.2)
=
∣∣∣∣〈Kzj , Bj,rj Kzj||Kzj ||〉
∣∣∣∣
= |Bj,rj(zj)| · ||Kzj || >
1
2
1√
1− r2j
.
Therefore
lim
j→∞
||(C∗ψ,ϕ − λ)hj ||
||hj|| 6 limj→∞
(
2|ψ(zj)|+ 2|λ|
nj+1
pnj
)
= 0,
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which means that λ belongs to the approximate spectrum of C∗ψ,ϕ. So
we have
{λ : |λ| 6 |v(0)|} ⊂ σ(Cψ,ϕ).

If ψ has no zero on ∂D, then it must vanish somewhere in D. The
discussion is divided into two steps, which are Lemma 2.2.3 and Lemma
2.2.4 as follows.
Lemma 2.2.3. Suppose ϕ is an irrational rotation of D and ψ ∈ A(D)
has zeros in D. Let R = inf{|z| : ψ(z) = 0, z ∈ D}. If R > 0, then for
each 0 < t < ∆ψ(R), we have σap(C
∗
ψ,ϕ) ∩ Γt 6= φ. Here σap(C∗ψ,ϕ) is
the approximate spectrum of C∗ψ,ϕ on H
2(D).
Proof. First note that R > 0 implies ∆ψ(R) > 0.
Suppose ϕ(z) = ηz where |η| = 1. Let z0 be one of the zeros of ψ on
ΓR. Then we can find a sequence {zj}∞j=1 on ΓR such that zj converges
to z0 and
lim
n→∞
(
n∏
k=1
|ψ(ηkzj)|
)1/n
= ∆ψ(R)
for each j ∈ N. Now for any t0 < ∆ψ(R), take p > 0 such that
t0 < p < ∆ψ(R). Then we can find nj →∞ such that
nj∏
k=1
|ψ(ηkzj)| > pnj
for each j ∈ N.
Let λn,m = e
2mpii
n+1 t0. Then it is easy to check out that
(2.3)
n∑
m=0
λkn,m = 0
for k = 1, 2, ..., n.
Now let
hj,m = Kzj +
nj∑
k=1
λknj ,muj,kKηkzj ,
where
uj,k =
(
k∏
s=1
ψ(ηszj)
)−1
.
Then
(C∗ψ,ϕ − λnj ,m)hj,m = ψ(zj)Kηzj − λnj+1nj ,muj,njKηnj zj .
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Since
|uj,nj | =
1∏nj
k=1 |ψ(ηkzj)|
<
1
pnj
,
we have
||(C∗ψ,ϕ − λnj ,m)hj,m|| 6 ||ψ(zj)Kηzj ||+ ||λnj+1nj ,muj,njKηnj zj ||
6
(
|ψ(zj)|+ t
nj+1
0
pnj
)
1√
1−R2 .
However, (2.3) shows that
nj∑
m=0
hj,m = (nj + 1)Kzj ,
so for each j we can find mj such that
||hj,mj || > ||Kzj || =
1√
1− R2 .
Since λnj ,mj ∈ Γt0 , by passing to a subsequence, we can assume that
λnj ,mj converges to λ0 ∈ Γt0 as j →∞. Then we have
||(C∗ψ,ϕ − λ0)hj,mj ||
||hj,mj ||
6
||(C∗ψ,ϕ − λnj ,mj )hj,mj ||
||hj,mj ||
+ |λnj,mj − λ0|
6 |ψ(zj)|+ t
nj+1
0
pnj
+ |λnj ,mj − λ0|.
Therefore,
lim
j→∞
||(C∗ψ,ϕ − λ0)hj,mj ||
||hj,mj ||
6 |ψ(z0)| = 0.
This means that λ0 ∈ σap(C∗ψ,ϕ) ∩ Γt0 . 
Lemma 2.2.4. Suppose ϕ is an irrational rotation of D and ψ ∈ A(D).
Then for each r ∈ (0, 1), we have σap(C∗ψ,ϕ) ∩ Γ∆ψ(r) 6= φ.
Proof. Suppose ϕ(z) = ηz where |η| = 1. Fix r0 ∈ (0, 1), then we can
find z0 ∈ Γr0 such that
(2.4) lim
n→∞
(
n−1∏
k=0
|ψ(ηkz0)|
)1/n
= ∆ψ(r0).
Let
Pn =
n−1∏
k=0
ψ(ηkz0)
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and {λn,m}nm=1 be the n-th roots of Pn. Then by (2.4),
lim
n→∞
|λn,m| = ∆ψ(r0)
for all m ∈ N. Moreover we have
(2.5)
n∑
m=1
λ−sn,m = 0
for s = 1, 2, ..., n− 1.
Since ϕ is an irrational rotation, we can find nj →∞ such that ηnjz0
tends to z0. Now let
hj,m = Kz0 +
nj−1∑
s=1
∏s−1
k=0 ψ(η
kz0)
λsnj ,m
Kηsz0
for all j ∈ N and m 6 nj . Then by (2.5) we have
∑nj
m=1 hj,m = njKz0.
So for each j we could find mj such that
||hj,mj || > ||Kz0|| =
1√
1− r20
.
However,
(C∗ψ,ϕ − λnj ,mj )hj,mj = λ1−njnj ,mjPnjKηnj z0 − λnj ,mjKz0
= λnj ,mj (Kηnj z0 −Kz0).
So
lim
j→∞
||(C∗ψ,ϕ − λnj ,mj )hj,mj ||
||hj,mj ||
=
√
1− r20 lim
j→∞
||λnj,mj (Kηnj z0 −Kz0)||
= 0.
Finally, since limj→∞ |λnj,mj | = ∆ψ(r0), by passing to a subsequence,
we may assume that λnj ,mj converges to a point λ0 ∈ Γ∆ψ(r0). Then
lim
j→∞
||(C∗ψ,ϕ − λ0)hj,mj ||
||hj,mj ||
6 lim
j→∞
||(C∗ψ,ϕ − λnj ,mj )hj,mj ||
||hj,mj ||
+ lim
j→∞
|λnj ,mj − λ0|
= 0.
Thus, λ0 belongs to the approximate spectrum of C
∗
ψ,ϕ. 
Combining Lemma 2.2.3 and Lemma 2.2.4 with some more discus-
sions, we could get the result as follows.
Proposition 2.2.5. Suppose ϕ is an irrational rotation of D and ψ ∈
A(D). If ψ has no zero on ∂D and ψ(z0) = 0 for some z0 ∈ D. Then
the spectrum of Cψ,ϕ on H
2(D) is the disk
{λ : |λ| 6 |v(0)|},
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where v is the outer part of ψ.
Proof. Let R = |z0|, then R ∈ [0, 1). If R is greater than zero, without
loss of generality we can assume that ψ has no zero in {z ∈ D : |z| < R}.
Since ψ has no zero on ∂D, Remark 2.2.1 shows that
|v(0)| = ∆ψ(1) = sup
0<r<1
∆ψ(r).
So
{λ : |λ| 6 |v(0)|} = {λ : |λ| 6 ∆ψ(R)} ∪
( ⋃
R<r61
Γ∆ψ(r)
)
= A ∪ B,
where A =
⋃
0<t<∆ψ(R)
Γt and B =
⋃
R<r<1 Γ∆ψ(r). If ∆ψ(R) = 0, we
just set A = φ. Note that this can only happen when R = 0. By
Lemma 2.2.3 we have
(2.6) σap(C
∗
ψ,ϕ) ∩ Γt 6= φ
for all 0 < t < ∆ψ(R). And by Lemma 2.2.4 we have
(2.7) σap(C
∗
ψ,ϕ) ∩ Γ∆ψ(r) 6= φ
for all r ∈ (R, 1). Now we will show that both A and B are contained
in the spectrum of Cψ,ϕ.
For any fixed λ0 ∈ σap(C∗ψ,ϕ) ∩ (A ∪ B), we can find a sequence fn
in H2(D) such that ||fn|| = 1 and ||(C∗ψ,ϕ − λ0)fn|| converges to zero.
Since
C∗ψ,ϕ(1) = C
∗
ψ,ϕK0 = ψ(0),
we have that ||(C∗ψ,ϕ − λ0)(1)|| = |λ0 − ψ(0)|. Suppose λ0 ∈ A, then
|λ0| < ∆ψ(R). Since ψ has no zero in {z ∈ D : |z| < R}, log |ψ| is
harmonic in {z ∈ D : |z| < R}. So∫ 2pi
0
log |ψ(Reiθ)|dθ = sup
0<r<R
∫ 2pi
0
log |ψ(reiθ)|dθ = log |ψ(0)|,
which means that ∆ψ(R) = ∆ψ(0) = |ψ(0)|. Therefore,
||(C∗ψ,ϕ − λ0)(1)|| > |ψ(0)| − |λ0|
= ∆ψ(R)− |λ0|
> 0.
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On the other hand, if λ0 ∈ B, then |λ0| = ∆ψ(r0) for some r0 ∈ (R, 1),
then
||(C∗ψ,ϕ − λ0)(1)|| > |λ0| − |ψ(0)|
= ∆ψ(r0)− |ψ(0)|
> 0.
The last equality follows from Jensen’s formula and the fact that ψ has
zeros in {z : |z| < r0}. In a word, we always have ||(C∗ψ,ϕ − λ0)(1)||
greater than zero.
Now we can assert that there exist δ ∈ (0, 1) such that |〈fn, 1〉| < δ
for all n ∈ N. Otherwise, we can find |ξ| = 1 and a subsequence of
{fn}, say {fnj}, such that 〈fnj , ξ〉 tends to 1. This means that ||fnj −
ξ|| converges to zero, hence ||(C∗ψ,ϕ − λ0)fnj || converges to ||(C∗ψ,ϕ −
λ0)(ξ)|| > 0, which is a contradiction.
Suppose ϕ(z) = ηz where |η| = 1. Let gn = T ∗z fn = Tzfn, then
(2.8) ||gn||2 = ||fn||2 − |〈fn, 1〉|2 > 1− δ2.
However, since Cψ,ϕTz = ηTzCψ,ϕ, we have that
||(C∗ψ,ϕ − ηλ0)gn|| = ||ηT ∗zC∗ψ,ϕfn − ηλ0T ∗z fn||
6 ||T ∗z || · ||(C∗ψ,ϕ − λ0)fn||
= ||(C∗ψ,ϕ − λ0)fn||.
So we have ||(C∗ψ,ϕ − ηλ0)gn|| converges to zero, which means that ηλ0
belongs to the approximate spectrum of C∗ψ,ϕ. Hence the approximate
spectrum of C∗ψ,ϕ contains the points η
kλ0 for all k ∈ N. As a result,
(2.6) implies that Γt is contained in σap(C
∗
ψ,ϕ) for all 0 < t < ∆ψ(R)
and (2.7) implies that Γ∆ψ(r) is contained in σap(C
∗
ψ,ϕ) for all for all
r ∈ (R, 1), since ϕ is an irrational rotation. So we have
{λ : |λ| 6 |v(0)|} = A ∪ B ⊂ σ(C∗ψ,ϕ).
Finally, Lemma 2.1.4 shows that
σ(C∗ψ,ϕ) ⊂ {λ : |λ| 6 |v(0)|}.
Therefore
σ(Cψ,ϕ) = σ(C
∗
ψ,ϕ) = {λ : |λ| 6 |v(0)|}.

Now we can get our final result here as follows.
Theorem 2.2.6. Suppose ϕ is an elliptic automorphism of D with
fixed point a ∈ D and ψ ∈ A(D). Assume that Cψ,ϕ is not invertible.
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If ϕ′(a)k 6= 1 for all k ∈ N, then the spectrum of Cψ,ϕ on H2(D) is the
disk
{λ : |λ| 6 |v(a)|},
where v is the outer part of ψ.
Proof. If a = 0, then ϕ is an irrational rotation. The result follows
directly from Proposition 2.2.2 and Proposition 2.2.5.
For the general case, let φ = φa be the automorphism that exchanges
a and 0. Then ϕ˜(z) = φ−1 ◦ ϕ ◦ φ(z) = ϕ′(a)z, hence ϕ˜ is an irrational
rotation. A simple calculation shows that
CφCψ,ϕC
−1
φ = CφCψ,ϕCφ−1
= Cψ˜,ϕ˜,
where ψ˜ = ψ ◦ φ. So Cψ,ϕ is similar to Cψ˜,ϕ˜, which means that they
have the same spectrum. Since v is the outer part of ψ, it is not hard
to see that v ◦ φ is the outer part of ψ˜. So again by Proposition 2.2.2
and Proposition 2.2.5, we have
σ(Cψ,ϕ) = σ(Cψ˜,ϕ˜)
= {λ : |λ| 6 |v ◦ φ(0)|}
= {λ : |λ| 6 |v(a)|}.

2.3. Rational Rotation. When ϕ is conjugated to a rational rotation,
things become much easier. In fact, it has been solved by Gunatillake
in [3], see his remark after Theorem 3.1.1 there. However, his proof
just shows that for each interior point λ in σ(Cψ,ϕ), Cψ,ϕ − λ is not
surjective. We will deal this case in a new way here, and then we can
get a stronger result that the range of Cψ,ϕ − λ is not even dense.
Theorem 2.3.1. Suppose ϕ is an elliptic automorphism of D with fixed
point a ∈ D and ψ ∈ H∞(D). Assume that Cψ,ϕ is not invertible. If
ϕ′(a)n = 1 for some integer n ∈ N and n0 is the smallest such integer,
then the spectrum of Cψ,ϕ on H
2(D) is the closure of the set
Λ = {λ : λn0 =
n0−1∏
k=0
ψ(ϕk(z)), z ∈ D}.
Moreover, each point in Λ belongs to the compression spectrum of Cψ,ϕ.
Proof. Since ϕ′(a)n0 = 1, we have ϕn0 identity on D. So
Cn0ψ,ϕ = Cψ(n0),ϕn0 = Tψ(n0),
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where ψ(n0) =
∏n0−1
k=0 ψ ◦ ϕk. So the spectrum of C
n0
ψ,ϕ is exactly the
spectrum of Tψ(n0), which is the closure of the set
{λ : λ = ψ(n0)(z), z ∈ D}.
Therefore, by the spectral mapping theorem, the spectrum of Cψ,ϕ is
contained in the closure of the set
{λ : λn0 = ψ(n0)(z), z ∈ D} = Λ.
So what remains is to show that each point in Λ is contained in the
compression spectrum of Cψ,ϕ.
For this end, fix any λ0 ∈ Λ, then there exist z0 ∈ D such that
λn00 =
n0−1∏
k=0
ψ(ϕk(z0)).
If λ0 = 0, then ψ(ϕk0(z0)) for some k0 > 0. So
C∗ψ,ϕKϕk0(z0) = ψ(ϕk0(z0))Kϕk0+1(z0) = 0.
Thus 0 belongs to the point spectrum of C∗ψ,ϕ. Otherwise, let
h = Kz0 +
n0−1∑
k=1
∏k−1
s=0 ψ(ϕs(z0))
λ
k
0
Kϕk(z0).
Then the minimality of n0 guarantee that h 6= 0. It is easy to check
that C∗ψ,ϕh = λ0h. Thus λ0 belongs to the point spectrum of C
∗
ψ,ϕ.
This means that λ0 belongs to the compression spectrum of Cψ,ϕ. 
3. Hyperbolic & Parabolic Automorphisms
3.1. Spectral Radius. If ϕ is a hyperbolic or parabolic automorphism
of D, then for any compact set K in D, ϕn converges to one of its fixed
points uniformly on K. We call it the Denjoy-Wolff point of ϕ.
Both hyperbolic and parabolic automorphisms have simple models
for iteration on half-planes. For example, letH+ = {w ∈ C : Imw > 0}
be the upper half-plane on C and ϕ a hyperbolic automorphism of D
with Denjoy-Wolff point a and the other fixed point b. Suppose σ
is a biholomorphic map from D onto H+, then σ can extend to the
boundary. If we have σ(a) = ∞ and σ(b) = 0, then Φ = σ ◦ ϕ ◦ σ−1
is an automorphism of H+ that fixes 0 and ∞, hence a dilation. More
accurately, we have
Φ(w) = σ ◦ ϕ ◦ σ−1(w) = ϕ′(a)w
for all w ∈ H+. Or equivalently,
σ ◦ ϕ(z) = ϕ′(a) · σ(z)
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for all z ∈ D.
If ϕ a parabolic automorphism of D with Denjoy-Wolff point a, we
can take σ such that σ(a) = ∞. Then Φ = σ ◦ ϕ ◦ σ−1 is an auto-
morphism of H+ that fixes ∞ only, hence a translation. By choosing σ
properly, we can make Φ(w) = w+ 1 or Φ(w) = w− 1 for all w ∈ H+.
Then we have
σ ◦ ϕ(z) = σ(z)± 1
for all z ∈ D.
These models facilitate us in calculating the spectral radius of Cψ,ϕ.
In fact, what we will do to prove the following two lemmas are basically
the same as what have been done in [3] and [9]. However, we point out
here that the assumptions on ψ in [3] and [9] are too strong: there is
no need to require that ψ belongs to the disk algebra A(D), and the
continuity of ψ at the fixed points of ϕ is sufficient for us to get the
following lemmas. So we just give brief proofs here.
Lemma 3.1.1. Suppose ϕ is a parabolic automorphism of D with Denjoy-
Wolff point a ∈ ∂D and ψ ∈ H∞(D) is continuous at the point a. Then
the spectral radius of Cψ,ϕ on H
2(D) is no larger than |ψ(a)|.
Proof. Suppose Φ is a translation onH+. Without loss of generality, we
may assume that Φ(w) = w+1. Let r ∈ (0,+∞), then for any w ∈ H+,
at most 2[r] + 1 elements of the sequence {Φk(w)}∞k=0 lies in the set
{w ∈ H+ : |w| 6 r}. By our discussion above, it is equivalent to say
that for any neighbourhoods V of a , we can find N ∈ N such that at
most N elements of the sequence {ϕk(z)}∞k=0 lies in the set D\V for all
z ∈ D. By choosing V small enough, we can assume |ψ(z)| < |ψ(a)|+ ǫ
when z ∈ Va for any given ǫ > 0. Let ψ(n) =
∏n−1
k=0 ψ ◦ ϕk, then for
n > N we have
||ψ(n)||∞ = sup
z∈D
n−1∏
k=0
|ψ ◦ ϕk(z)|
6 ||ψ||N∞ · (|ψ(a)|+ ǫ)n−N .
So
lim sup
n→∞
||ψ(n)||1/n∞ 6 lim
n→∞
(
||ψ||N/n∞ · (|ψ(a)|+ ǫ)1−N/n
)
.
= |ψ(a)|+ ǫ.
Since ǫ is arbitrary, we have
lim sup
n→∞
||ψ(n)||1/n∞ 6 |ψ(a)|.
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Now for n ∈ N,
Cnψ,ϕ = Cψ(n),ϕn = Tψ(n)C
n
ϕ.
So
r(Cψ,ϕ) = lim
n→∞
||Cnψ,ϕ||1/n
6 lim sup
n→∞
(
||Tψ(n) ||1/n · ||Cnϕ||1/n
)
= r(Cϕ) · lim sup
n→∞
||ψ(n)||1/n∞
6 |ψ(a)| · r(Cϕ).
Here r(Cϕ) is the spectral radius of composition operator Cϕ. By The-
orem 3.9 in [1], we know that r(Cϕ) = ϕ
′(a)−1/2 = 1. So we have
r(Cψ,ϕ) 6 |ψ(a)|.

Lemma 3.1.2. Suppose ϕ is a hyperbolic automorphism of D with
Denjoy-Wolff point a ∈ ∂D and the other fixed point b. Assume that
ψ ∈ H∞(D) is continuous at the points a and b. Then the spectral ra-
dius of Cψ,ϕ onH
2(D) is no larger thanmax{|ψ(a)|ϕ′(a)−1/2, |ψ(b)|ϕ′(b)−1/2}.
Proof. Let Va and Vb be neighbourhoods of a and b respectively, then
by a similar discussion as in Lemma 3.1.1, we can find N ∈ N such
that at most N elements of the sequence {ϕk(z)}∞k=0 lies in the set
D\(Va∪Vb) for all z ∈ D. By choosing Va and Vb small enough, we can
assume
|ψ(z)|ϕ′(z)−1/2 < |ψ(a)|ϕ′(a)−1/2 + ǫ
when z ∈ Va and
|ψ(z)|ϕ′(z)−1/2 < |ψ(b)|ϕ′(b)−1/2 + ǫ
when z ∈ Vb, for any given ǫ > 0. Let ψ(n) =
∏n−1
k=0 ψ ◦ ϕk, then for
n > N we have ∣∣∣∣∣∣ ψ(n)
(ϕ′n)
1/2
∣∣∣∣∣∣
∞
= sup
z∈D
n−1∏
k=0
∣∣∣∣ ψ(ϕ′)1/2 ◦ ϕk(z)
∣∣∣∣
6 PN · (Q + ǫ)n−N ,
where P = ||ψ·(ϕ′)−1/2||∞ andQ = max{|ψ(a)|ϕ′(a)−1/2, |ψ(b)|ϕ′(b)−1/2}.
Since ǫ is arbitrary, we have
lim sup
n→∞
∣∣∣∣∣∣ ψ(n)
(ϕ′n)
1/2
∣∣∣∣∣∣1/n
∞
6 Q.
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The proof of Theorem 4.6 in [9] shows that
||C(ϕ′n)1/2,ϕn|| = 1
for all n ∈ N. So we have
r(Cψ,ϕ) = lim
n→∞
||Cψ(n),ϕn||1/n
6 lim sup
n→∞
(∣∣∣∣∣∣ ψ(n)
(ϕ′n)
1/2
∣∣∣∣∣∣1/n
∞
· ||C(ϕ′n)1/2,ϕn||1/n
)
6 Q.

Remark 3.1.3. We’d like to point out here that the proofs above actu-
ally show the following fact: let ϕ be a hyperbolic or parabolic auto-
morphism and K a subset of D, then ϕn converges to the Denjoy-Wolff
point of ϕ uniformly on K if and only if the Denjoy-Wolff point of ϕ−1
lies outside the closure of K.
3.2. The Spectra. If ϕ is a hyperbolic or parabolic automorphism of
D, then for any z ∈ D, {ϕk(z)}∞k=0 is an interpolating sequence for
H∞(D). By Carleson’ condition, the product δz =
∏∞
k=1 d(z, ϕk(z)) is
positive for each z ∈ D. Here
d(z, w) =
∣∣∣∣ z − w1− wz
∣∣∣∣
is the pseudo-hyperbolic distance between z and w. The next two
lemmas show that δz is in fact bounded away from zero with respect
to z.
Lemma 3.2.1. Suppose ϕ is a hyperbolic automorphism of D. Then
there exist δ > 0 such that
∏∞
k=1 d(z, ϕk(z)) > δ for all z ∈ D.
Proof. Since ϕ is an hyperbolic automorphism, we can find a biholo-
morphic map σ from D to the upper half plane H+ such that
σ ◦ ϕ(z) = sσ(z)
for all z ∈ D. Here s = ϕ′(a) ∈ (0, 1).
Since the pseudohyperbolic distance on H+ is given by
ρ(w1, w2) =
∣∣∣∣w1 − w2w1 − w2
∣∣∣∣ ,
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for any z ∈ D, let w = σ(z), then we have
d(z, ϕk(z)) = ρ(σ(z), σ ◦ ϕk(z))
= ρ(w, skw)
=
∣∣∣∣w − skww − skw
∣∣∣∣
>
1− sk
1 + sk
= ρ(i, ski) = d(z0, ϕk(z0)).
Here z0 = σ
−1(i). Since {ϕk(z0)}∞k=0 is an interpolating sequence,
δz0 =
∞∏
k=1
d(z0, ϕk(z0)) > 0.
So we have
∞∏
k=1
d(z, ϕk(z)) > δz0 > 0
for all z ∈ D. 
Lemma 3.2.2. Suppose ϕ is a parabolic automorphism of D with Denjoy-
Wolff point a ∈ ∂D. Then for any ǫ > 0. there exist δ > 0 such that∏∞
k=1 d(z, ϕk(z)) > δ whenever |z − a| > ǫ and z ∈ D.
Proof. Since ϕ is a parabolic automorphism, we can find a biholomor-
phic map σ from D to the upper half plane H+ such that
σ ◦ ϕ(z) = σ(z) + c
for all z ∈ D. Here c = ±1.
Since σ maps a to ∞, we can find R > 0 such that |σ(z)| < R for all
z ∈ D and |z − a| > ǫ. Let w = σ(z), then we have
d(z, ϕk(z)) = ρ(σ(z), σ ◦ ϕk(z))
= ρ(w,w + kc)
=
∣∣∣∣w − w − kcw − w − kc
∣∣∣∣
>
k
|2Ri− kc|
= ρ(Ri,Ri+ kc) = d(z0, ϕk(z0)).
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Here z0 = σ
−1(Ri). Since {ϕk(z0)}∞k=0 is an interpolating sequence,
δz0 =
∞∏
k=1
d(z0, ϕk(z0)) > 0.
So we have
∞∏
k=1
d(z, ϕk(z)) > δz0 > 0
for all z ∈ D and |z − a| > ǫ. 
Lemma 3.2.3. Let ϕ be a parabolic or hyperbolic automorphism of D.
Suppose b ∈ ∂D is the Denjoy-Wolff point of ϕ−1 and ψ ∈ H∞(D) is
continuous at the point b. If Cψ,ϕ is not invertible, then the set
{λ : |λ| 6 |ψ(b)|ϕ′(b)−1/2}
is contained in the spectrum of Cψ,ϕ on H
2(D).
Proof. The case when ψ(b) = 0 is trivial since Cψ,ϕ is not invertible.
So we can assume that ψ(b) 6= 0.
Since Cψ,ϕ is not invertible, we can find a sequence {zj}∞j=1 in D such
that ψ(zj) tends to 0 and ψ(ϕ
−1
k (zj)) 6= 0 for all j ∈ N and k > 0.
Let {zj,k}∞k=0 be the iteration sequence of zj under ϕ−1, that is, zj,k =
ϕ−1k (zj). Set zj,−1 = ϕ(zj). Then zj,k converges to b as k → ∞ for
each j ∈ N. Moreover, since ψ(b) 6= 0, Remark 3.1.3 shows that the
convergence is uniform with respect to j.
Let
ej,k =
Kzj,k
||Kzj,k ||
denote the normalized reproducing kernel at the point zj,k in H
2(D).
Then we have
C∗ψ,ϕej,k = uj,kej,k−1,
where
uj,k = ψ(zj,k)
||Kzj,k−1||
||Kzj,k ||
= ψ(zj,k)
(
1− |zj,k|2
1− |zj,k−1|2
)1/2
.
By Schwarz-Pick Theorem,
1− |zj,k−1|2
1− |zj,k|2 = |ϕ
′(zj,k)|,
so
lim
k→∞
uj,k = lim
k→∞
ψ(zj,k)|ϕ′(zj,k)|−1/2 = ψ(b)ϕ′(b)−1/2.
The limitation is uniform with respect to j.
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Now fix λ0 ∈ {λ : |λ| < |ψ(b)|ϕ′(b)−1/2}, and take q > 0 such that
|λ0| < q < |ψ(b)|ϕ′(b)−1/2. Then we can find N > 0 such that
(3.1)
n−1∏
k=1
|uj,k| > qn−1
for all n > N and j ∈ N.
Let h1 = e1,0 and
hn = en,0 +
n−1∑
k=1
λk0an,ken,k
when n > 2, where
an,k =
(
k∏
s=1
un,s
)−1
.
Then we have
(C∗ψ,ϕ − λ0)hn = un,0en,−1 −
λn0∏n−1
k=1 un,k
en,n−1.
By (3.1), when n > N ,
||(C∗ψ,ϕ − λ0)hn|| 6 |un,0|+
|λ0|n
qn−1
.
However, since ψ(zn,0) = ψ(zn) tends to 0, we can know that
lim
n→∞
un,0 = lim
n→∞
ψ(zn)|ϕ′(zn)|−1/2 = 0.
So ||(C∗ψ,ϕ − λ0)hn|| converges to zero as n→∞.
On the other hand, since {zj,k}+∞k=0 is an interpolating sequence for
each j ∈ N, we can take Bj(z) as the Blaschke product whose zero
points are exactly {zj,k}∞k=1, then
|〈Bnen,0, hn〉| = |〈Bnen,0, en,0〉| =
∞∏
k=1
d(zn, ϕ
−1
k (zn)).
Since ϕ−1 is also a parabolic or hyperbolic automorphism and {zn}
converges to z0 6= b, by Lemma 3.2.1 and Lemma 3.2.2 we can find
δ > 0 such that
∞∏
k=1
d(zn, ϕ
−1
k (zn)) > δ
for all n ∈ N, so
||hn|| > |〈Bnen,0, hn〉| > δ.
Thus we know that λ0 belongs to the approximate spectrum of C
∗
ψ,ϕ.

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Now we can get our final conclusions as follows.
Theorem 3.2.4. Let ϕ be a hyperbolic automorphism of D with Denjoy-
Wolff point a and the other fixed point b. Assume that ψ ∈ H∞(D) is
continuous at the points a and b. If Cψ,ϕ is not invertible, then the
spectrum of Cψ,ϕ on H
2(D) is{
λ : |λ| 6 max{|ψ(a)|ϕ′(a)−1/2, |ψ(b)|ϕ′(b)−1/2}} .
Proof. Since ϕ is a hyperbolic automorphism, ϕ−1 is also a hyperbolic
automorphism and the Denjoy-Wolff point of ϕ−1 is b. Then by Lemma
3.2.3,
{λ : |λ| 6 |ψ(b)|ϕ′(b)−1/2} ⊂ σ(Cψ,ϕ).
So the conclusion follows directly from Lemma 3.2.3 and Lemma 3.1.2
when
|ψ(a)|ϕ′(a)−1/2 6 |ψ(b)|ϕ′(b)−1/2.
On the other hand, If
|ψ(a)|ϕ′(a)−1/2 > |ψ(b)|ϕ′(b)−1/2,
then the proof of Theorem 4.9 in [9] shows that
{λ : |ψ(b)|ϕ′(b)−1/2 6 |λ| 6 |ψ(a)|ϕ′(a)−1/2}
is contained in σ(Cψ,ϕ). In fact, the proof there holds even if ψ has
zeros in D. Then along with Lemma 3.2.3 and Lemma 3.1.2, we can
also get our conclusion. 
Theorem 3.2.5. Let ϕ be a parabolic automorphism of D with Denjoy-
Wolff point a ∈ ∂D. Assume that ψ ∈ H∞(D) is continuous at the point
a. If Cψ,ϕ is not invertible, then the spectrum of Cψ,ϕ on H
2(D) is
{λ : |λ| 6 |ψ(a)|} .
Proof. Since ϕ is a parabolic automorphism, ϕ−1 is also a parabolic
automorphism with Denjoy-Wolff point a. Then the result follows di-
rectly from Lemma 3.1.1 and Lemma 3.2.3. 
4. Weighted Bergman Spaces
In this section, we give a brief illustration for the cases on weighted
Bergman spaces. The situations are almost all the same, though some
little differences arise.
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4.1. Elliptic Automorphisms. When ϕ is an elliptic automorphism,
the methods used in Section 2 are still available on weighted Bergman
spaces. In fact, what really matter in our discussion are just the fol-
lowing requirements to the space.
Requirement 1. The space is a reproducing kernel Hilbert space.
Requirement 2. The reproducing kernel Kz in the space has the follow-
ing property: ||Kw|| = ||Kz|| whenever |z| = |w|.
Requirement 3. For any f ∈ H∞(D), Tf is bounded on the space and
||Tf || = ||f ||∞.
Requirement 4. Inequality (2.8) holds since we have ||zn|| = 1 in H2(D)
for each n ∈ N.
If the space being considered is a weighted Bergman space A2α(D),
then Requirements 1, 2 and 3 are satisfied obviously. For Requirement
4, one only need to notice that ||zn||A2α decreases with respect to n ∈ N.
Then for any f ∈ A2α(D) we have
||T ∗z f ||2A2α > ||f ||2A2α − |f(0)|2.
So (2.8) also holds on A2α(D).
Therefore, by carrying out a similar project as in Section 2, we could
get the following result.
Theorem 4.1.1. Let ϕ be an elliptic automorphism of D with fixed
point a ∈ D and ψ ∈ H∞(D). Assume that Cψ,ϕ is not invertible.
If ϕ′(a)n = 1 for some integer n ∈ N and n0 is the smallest such
integer, then the spectrum of Cψ,ϕ on A
2
α(D) is the closure of the set
{λ : λn0 =
n0−1∏
k=0
ψ(ϕk(z)), z ∈ D}.
If ϕ′(a)n 6= 1 for all n ∈ N and ψ ∈ A(D), then the spectrum of Cψ,ϕ
on A2α(D) is
{λ : |λ| 6 |v(a)|} ,
where v is the outer part of ψ.
4.2. Hyperbolic & Parabolic Automorphisms. The only require-
ment to the space in the proof of Lemma 3.1.1 is that the spectral
radius of composition operator Cϕ is 1 on H
2(D). This is also true on
weighted Bergman spaces, see Lemma 7.2 in [1].
In the proof of Lemma 3.1.2, we use the fact that C(ϕ′n)1/2,ϕn is an
isometry on H2(D). When the space is A2α(D), we should take the oper-
ator C
(ϕ′n)
α+2
2 ,ϕn
instead. An easy calculation shows that this operator
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is an isometry on A2α(D), or one can just turn to the proof of Theorem
4.6 in [9]. Then a slight modification can show that the spectral radius
of Cψ,ϕ on A
2
α(D) is
max
{ |ψ(a)|
ϕ′(a)(α+2)/2
,
|ψ(b)|
ϕ′(b)(α+2)/2
}
when ϕ is a hyperbolic automorphism.
For the proof of Lemma 3.2.3, one only need to note that the norm
of Kz is (1− |z|2)−(α+2)/2 in A2α(D). Then we can get our final results
as follows.
Theorem 4.2.1. Let ϕ be a hyperbolic automorphism of D with Denjoy-
Wolff point a ∈ ∂D and the other fixed point b ∈ ∂D. Assume that
ψ ∈ H∞(D) is continuous at the points a and b. If Cψ,ϕ is not invert-
ible on A2α(D), then the spectrum of Cψ,ϕ on A
2
α(D) is{
λ : |λ| 6 max{ |ψ(a)|
ϕ′(a)(α+2)/2
,
|ψ(b)|
ϕ′(b)(α+2)/2
}
}
.
Theorem 4.2.2. Let ϕ be a parabolic automorphism of D with Denjoy-
Wolff point a ∈ ∂D and ψ ∈ H∞(D) is continuous at the point a. If
Cψ,ϕ is not invertible on A
2
α(D), then the spectrum of Cψ,ϕ on A
2
α(D)
is
{λ : |λ| 6 |ψ(a)|} .
5. Further questions
Theorem 2.2.6 and Theorem 4.1.1 are our main results for elliptic
automorphisms. However, these result are got under the assumption
that ψ belongs to the disk algebra A(D). We believe that the theorems
still hold for the general cases when ψ is not continuous up to the
boundary of D, but it seems that some more work need to be done.
Open Question 1. How to deal with the case when ϕ is an elliptic
automorphism and ψ is not continuous up to the boundary of the unit
disk D?
When ϕ is a parabolic or hyperbolic automorphism, we always as-
sume that ψ is continuous at the fixed points of ϕ. Though this as-
sumption is reasonable, we still want to know the result for the more
general cases. Particularly, the following question can be interesting.
Open Question 2. What is the spectrum of Cψ,ϕ when ϕ is a parabolic
or hyperbolic automorphism and ψ has no radial limitation at the fixed
points of ϕ?
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